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Abstract 

The existence and uniqueness in Sobolev spaces of solutions of the 
Cauchy problem to parabolic integro-differential equation of the order 
a € (0, 2) is investigated. The principal part of the operator has kernel 
m{t,x,y)/\y\'^~^°' with a bounded nondegenerate to, Holder in x and 
measurable in y. The lower order part has bounded and measurable 
coefficients. The result is applied to prove the existence and uniqueness 
of the corresponding martingale problem. 
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1 Introduction 

In this paper we consider the Cauchy problem 

dtu{t,x) = Lu{t,x) + f{t,x),{t,x) £ E =[0,T]xK'^, ( 
^(O,^) = 

in fractional Sobolev spaces for a class of integrodifferential operators L 
^4 -|- i? of the order a € (0, 2) whose principal part A is of the form 

Av{t,x) = At^xv{x) = At^zvix)\z=x, {' 

dy 



At,zv{x) = I [v{x + y) -v{x) - Xaiy)C^v{x),y)]m{t,z,y)-^^^^^^, 
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{t,z) € -E, X S R'^, with Xaiv) — la>i + 1q!=i1{|j/|<i}- We notice that the 
operator A is the generator of an o-stable process. If m = l,then A = 
c (— A)"''^ (fractional Laplacian) is the generator of a sphericahy symmetric 
a-stable process. The part i? is a perturbing, subordinated operator. 

In |lUj , the problem was considered assuming that m is Holder continuous 
in X, homogeneous of order zero and smooth in y and for some rj > 

[ \{w,()\''m{t,x,w)fia.,{dw)>r,, {t,x) e E,\^\ = 1, (3) 

where is the Lebesgue measure on the unit sphere S'^~^ in R*^. In [1], 
the existence and uniqueness of a solution to ([T|) in Holder spaces was proved 
analytically for m Holder continuous in x, smooth in y and such that 

K >m>rj > (4) 

without assumption of homogeneity in y. The elliptic problem (L — X)u = f 
with B = and m independent of x in R'^ was considered in [4J. The equation 
([T]) with a = 1 can be regarded as a linearization of the quasigeostrophic 
equation (see [2]). 

In this note, we consider he problem ([T]), assuming that m is measurable. 
Holder continuous in x and 



K > m > mo, (5) 

where the function niQ = mQ{t,x,y) is smooth and homogeneous in y and 
satisfies ([3]). So, the density m can degenerate on a substantial set. 

A certain aspect of the problem is that the symbol of the operator A, 

i^it, X, = / fe'^^'^^ - 1 - XaivM, y)] m{t, X, y) '^^ 



is not smooth in ^ and the standard Fourier multiplier results (for example, 
used in |10] ) do not apply in this case. We start with equation ([T|) assuming 
that B = 0, the input function / is smooth and the function m = m{t, y) 
does not depend on x. In [12], the existence and uniqueness of a weak 
solution in Sobolev spaces was derived. In this paper we show that the main 
part A : Hp Lp is bounded. Contrary to [3], where Holder estimates were 
used, we give a direct proof based on the classical theory of singular integrals 
(see Lemmas [9l 1101 below). The case of variable coefficients is based on the 
a priori estimates using Sobolev embedding theorem and the method in [9] . 
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As an application, we consider the martingale problem associated to L. 
Since the lower part of L has only measurable coefficients, we generalize the 
results in [13] , 

The note is organized as follows. In Section 2, the main theorem is 
stated. In Section 3, the essential technical results are presented. The main 
theorem is proved in Section 4. In Section 5 we discuss the embedding of the 
solution space. In Section 6 the existence and uniqueness of the associated 
martingale problem is considered. 

2 Notation and main results 

Denote E = [0,T] x R"', N = {0,1,2,...}, = R'^VlO}. If x,y £ R^, we 
write 

d 

{x,y) = '^XiVi, \x\ = (x,x)^/^. 

i=l 

For a function u = u(t, x) on E, we denote its partial derivatives by dfU = 
du/dt,diU = du/dxi,dfjU = d'^u/dxidxj and D^u = d^^^u/ dxj^ . . . dx^ ^ 
where multiindex 7 = (7^^, . . . , 7^) € N'^, Vu = ((?iu, . . . , ddu) denotes the 
gradient of u with respect to x. 

Let Lp{E) be the space of p-integrable functions with norm 

\f\p={£ I \fit,xWdxdt 

Similar space of functions on R'^ is denoted Lp(R°'). 

Let 5(R°') be the Schwartz space of smooth real-valued rapidly decreas- 
ing functions. We introduce the Sobolev space H^{R'^) of / G 5'(R'^) with 
finite norm 

i/i^,, = ij-i((i + ieiy/2-F/)i,. 

where J- denotes the Fourier transform. We also introduce the corresponding 
spaces of generalized functions on = [0, T] x R*^: Hp{E) consist of all 
measurable S"(R'^)-valued functions / on [0,T] with finite norm 

1 

\fb,v = [[\f{t)\l,dtY ■ 
For a G (0, 2) and u G 5(R'^), we define the fractional Laplacian 

^"^(^) = / (6) 
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where 

Vyu{x) = u{x + y)- u{x) - {Vu{x),y) Xaiv) 

with X^°Hy) = l{|y|<l}l{a=l} + l{aG(l,2)}- 

We denote C^{E) the space of bounded infinitely differentiable in x 
functions whose derivatives arc bounded. 

C = C{-, . . . ,■) denotes constants depending only on quantities appear- 
ing in parentheses. In a given context the same letter is (generally) used to 
denote different constants depending on the same set of arguments. 

Let a e (0,2) be fixed. Let m : x RJ^ ^ [0,oo),6 : E ^ R'^ he 
measurable functions. We also introduce an auxiliary function mo : [0, T] x 
Rq — >■ [0, oo) and fix positive constants K and rj. Throughout the paper we 
assume that the function mo satisfies the following conditions. 

Assumption Aq. (i) The function ttiq = mo(t, y) > is measurable, homo- 
geneous in y with index zero, differentiable in y up to the order do = [f] + 1 
and 

\D^^ml^\t,y)\ < K 

for all t G [0, T], y G Rq and multiindices 7 G Nq such that I7I < do; 
(ii) If a = 1, then for all t G [0, T] 

wmo{t,w)iJ,^_i{dw) = 0, 



I 



where S'^~^ is the unit sphere in R'^ and is the Lebesgue measure on 
it; 

(iii) For all t G [0, T] 

inf / \{w,0\''mo{t,w)iia-i{dw)>r]>0. 

Remark 1 The nondegenerateness assumption Aq (iii) holds with certain 
> if, e.g. 

inf mo(t, w) > 
te[o,T],wer 

for a measurable subset F c S''^"^ of positive Lebesgue measure. Therefore 
mo can be zero on a substantial set. 

Further we will use the following assumptions. 
Assumption A. (i) For all {t,x) E E,y e Rg, 

K > m{t,x,y) > mo{t,y), 
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where the function mo satisfies Assumption Aq; 

(ii) There is ^ G (0, 1) and a continuous increasing function 'w{S) such 
that 

\m(t,x,y) - m{t,x',y)\ < w{\x - x'\),t G [0,T],x,x',y G R*^, 

and 

/ wi\y\)y^<<^,hmw{6)5-^ = 0. 

J\y\<i \yr^'^ 

(iii) If a = 1, then for all {t, x) e E and r G (0, 1), 

We define the lower order operator Bu{t,x) = Bt^zu{x)\z=x, {t,x) G E, 
with 



Bt,zu{x) = {b{t,z)Vu{x))li<a<2 + J[uix + y) -u{x) 

-{Vu{x),y))l\y\<ili<^a<2]-n-{t, z, dy), 

where {TT{t, z, dy)) is a measurable family of nonnegative measures on Rq 
and b{t,z) = {b'{t, z)) ^^.^^ is a measurable function. 

We will assume the following assumptions hold. 

Assumption B. (i) For all {t,x) G E, 

\b{t,x)\+ J \v\'^ MTr{t,x,dv) < K; 

(ii) 

limsup / \v\°'n{t,x,dv) = 0; 

£^•0 t,X J\v\<£ 

(iii) For each e > 0, 



J J Tr{t,x,{\v\ > e})dxdt 



< oo. 



We write 



Au{t,x) = Atu{x) = At^xu{x),Bu{t,x) = Btu{x) = Bt^xu{x), (7) 
Lu{t,x) = Ltu{x) = Lt^xu{x),L = A + B. 
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According to Assumptions A, B, the operator A represents the principal 
part of L and the operator i? is a lower order operator. 
We consider the following Cauchy problem 

dtu{t,x) = {L - X)u{t,x) + f{t,x),{t,x) £ H, (8) 
n(0,x) = 0,xGR'^, 

in Sobolev classes Hp{E), where A > and / G Lp{E). More precisely, 
let Tip (E) be the space of all functions u S Hp{E) such that u(t,x) = 
/q F(s,x) ds,0 < t < T, with F G (E) . It is a Banach space with 
respect to the norm 

\W\\a,p= \u\^,p + \F\p- 

Definition 2 Let f G Lp{E). We say that u G Tip{E) is a solution to dH) 
if Lu G Lp{E) and 

u{t)= [ {{L-X)u{s) + f{s))dt,0<t<T, (9) 
Jo 

in Lp(R'^). 

If Assumptions A and B are satisfied, p > ^ V ^ V 2, then Lu G Lp{E) 
(see Corollary [T3l below and Lemma 7 in ^0\). So, ([9]) is well defined. 
The main result of the paper is the following theorem. 

Theorem 3 Let (3 G (0,1), p > > 2, and Assumption A be satisfied. 

Then for any f G Lp[E) there exists a unique strong solution u G Hp{E) 
to ^ with B = 0. Moreover, there is a constant N = N{T,a, /3,d, K,w,r]) 
and a positive number Ai = Ai(r, a, /3, d, K, w,ri) > 1 such that 

\dtu\p + \u\a,p ^ N\f\p, 
N 

\u\p < yl/lp if ^> ^1- 
We prove this theorem in Section 3 below. 

In order to handle ([8]) with the lower order part Bu, the following esti- 
mate is needed. 

Lemma 4 (see Lemma 3.5 in 1 10^ ) Let p > d/a. There is a constant 
Ni = Ni{p,a,d) such that 

< Ni\d''v\p,v G C^iK'^). 

p 



sup 

2/7^0 
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Consider ([8]) with Bv{t,x) = B^Oy{t,x) = Bl°^v{x), {t,x) G E, where 
S,Xx) = (6(t,^) + W(i.2) / yTT{t,z,dy),Vv{x)) (10) 

Jeo<|?^|<l 

+ / V^v{x)TT{t, z, dy), {t, z) eE,x e K'^, 

with some Eq G (0, 1]. 

In the consideration of an associated martingale problem (see Section 5 
below) the following statement is used. 

Theorem 5 Let /3 G (0, l),p > | V ^ V 2 and Assumption A he satisfied. 
Let 

\b{t,x)\ + / \y\'K{t,x,dy) < K, 

Jeo<\y\<l 

/ \y\''Tr{t,x,dy) < 5o,{t,x)eE, 
■J\y\<£o 

and SqNNi < 1/2, where N is a constant of Theorem Then for any 
f € Lp{E) there exists a unique solution u € T-Lp{E) to ^ with B = B^'^ . 
Moreover, 

\dtu\p + \u\^^p ^ 2N\f\p, 
2N 

\u\p < — l/lp if ^> ^1- 

Finally, the results can be extended to 

Theorem 6 Let /3 € (0, l),p > ^V^V2 and Assumptions A, B be satisfied. 

Then for any f G Lp{E) there exists a unique solution u € 'Hp{E) to 
IB^. Moreover, there is a constant independent of u such that 

\dtu\p + \u\a,p ^ Nslflp. 

3 Auxiliary results 

In this section we present some auxiliary results. 
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3.1 Continuity of the principal part 

First we prove the continuity of the operator A in Lp-norm. 

We will use the following equality for Sobolev norm estimates. 

Lemma 7 {Lemma 2.1 in [7j) For 5 G (0, 1) and u G 5(R'^), 

u{x -\- y) — u{x) = C j k^^\y,z)d^u{x- z)dz, (11) 

where the constant C = C{6,d) and 

k^^Hz,y) = \z + y\~'^+^ - \z\-'^+^ . 
Moreover, there is a constant C = C{6, d) such that for each y G R*^ 

\k'^'\z,y)\dz<C\yt 



For a G (0,1) and a bounded measurable function m{y), set for u G 
S(R'^),x G 

/dy 
[u{x + y)- u{x)]m{y)y^ 

dy 



hni / [u{x + y)- 'u(x)]me(y)- 

dy 



lim / / k^°'\z,y)d°'u{x — z)dzms{y)-. 



where 



me{y) = X{e<\y\<e-^}^iy), 
1 1 



k("\x,y) 



(see Lemma [7|. 

For e e {0,l),u,v e 5(R'^), consider 

f d 
£'u{x) = C%u{x)= I [u{x + y)-u{x)]me{y)j^j^ (12) 



ki:{z)d"u{x — z)dz = i kir{x — z)d°'u{z)dz, 



and 

JC'^v{x) = J ks{z)v{x — z)dz = J ki;{x — z)v{z)dz 

where 

ke{x) = |A;(")(x,y)m,(y)^^,a;GR'^. 

To prove the continuity £ : H^(R'^) Lp{K'^), we will show that there is a 
constant C independent of e,v G 5(R'^) such that 

\IC'v\p < C\v\p. (13) 

By [15], ([nD will follow provided 

\IC'v\2 < C\v\2, (14) 

and 

/ \k,{x - s) - ks{x)\dx <C for all s eK^. (15) 

^|a;|>4|s| 

Remark 8 For any t > 0, we have k^'^\tx,ty) = t°^~'^k^°'\x,y). Therefore 
kSx) = t-'' j k^-){x,y)mSy)^^=t~%{t,x) 

with 

dy 



ke{t,x) = j k^'^\x,y)meity)-^ 



Note that for x ^ 0, 

/dy 
fc(°)(£,y)m£(|x|y)|-pp^ 

= \x\ A:£(|x|,x), 

where x = x/\x\. 

Lemma 9 Let a € (0, 1), |r?i(y)| < l,y G R'^. Then for each p > 1 there is 
a constant C independent of u and e such that, 

|/C^u|p < C\u\p,ue Lpi'R'^). 
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Proof. It is enough to show that (|14p and ()15p hold. By Lemma 1 of 
Chapter 5.1 in [15], it follows 



|y|d+a' 

where ^ = C/lCl- Therefore, by Parseval's equality, ()14p holds for G «S(R'^). 
The key estimate is (|15p . By Remark [HJ denoting s = we have 



/ \k£{x - s) - k£{x)\dx = I \ke{\s\{^ - s) - ke{\s\^)\dx 

J\X\>A:\S\ J\X\/\S\>A: 1*1 \^\ 

^ %{\s\{x - s)) - k,{\s\x)\dx 



x\>A 

\ke{\s\,x- s) - k£{\s\,x)\dx 

|x|>4 

and it is enough to prove that 

/ \ke{\s\,x-s)-ke{\s\,x)\dx<M ioi alls en'^,s = s/\s\. (16) 

J\x\>'i 

We will estimate for |x| > 4, s € R"', s = s/\s\, the difference 
|/c(|s|, X — s) — A;(|s|, x)| 

dy 



[A:(")(x-s,y)-A:(")(x,y)]m,(|s|2/) 



\y\d+C 



... + / ... = ^1 + ^2- 

y\<\x\/2 J\y\>\x\/2 
Let ^ ^ 

~ \x - ts + y\'^-°'- \x - ts\'^-'^'^ < i < 1- 
If a segment connecting x and x — s does not contain zero, then 

|A,W(x-5,y)-A:(-)(x,y)| (17) 

= |F(1)-F(0)|< f\F'{t)\dt 
Jo 

with 

F'(t) = (a-d) \ - ix-ts + y,s) 1 {x-ts,s) 

^' ^ \x - ts + y\'^-°'+'^ \x-ts + y\ |x - \x - ts\ ^' 
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and 



\F'it)\ < C 



|x - ts + yl'^-^+i \x - ts\'^-°'+'^ 



(18) 



^gld-a+lV \x-ts\ 



Estimate of Ai. Let > 4, z = x — ts, t € [0,1], and \y\ < \x\/2. In 
this case, x + y\ > \x\ — \y\ > \x\/2 > 2, 

C\x\ > \z + y\>x\/A>l, 

C\x\ > \z\ > |a;| - 1 > 3lx|/4 > 3 



and (flTll holds. Since 



< 



< 



|j/|<l^l/2 
1 



-)- yjd— a + 1 |2;|c(— a + 1 



dy 



\Z\ ^ J\y\<2/3 

c 



dy 



\y\ 



d+a 



\d+l ' 



and 



/ (I2/IAI)] 
J\y\<\x\/^ 



dy 



\y\d+C 



<c, 



It follows by ([IS]), that 
l^il < c I 

J\v\<h 



< CI 



y|<l^l/2 
1 

+ 



1 \i dy 

+ \^\d-a+i ^\y\^^y\^^ 



j-\d+l l^ld— a+l-l' 



Estimate of A2- Let|x| > 4, |y| > \x\/2. In this case we split 

j/i>ix'i/2 iyi 

{|x|-3/2>|y|>|x|/2}U{|j/|>|a-|+3/2} {|3:|-3/2<|i/|<|x|+3/2} 
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If |x| — 3/2 > \y\ > \x\/2 or \y\ > \x\ + 3/2, then we can apply p!7|) and 
[T8]) . For z = X — ts we have |z + y| > ^ and 

Therefore 

l-B I < C\ f 1 I / 1 



/ 



Now 



and 



{l£i<|j^|} 121"^-"+^ ~ Ixl'^+i' 



withz = z/|z[.If < |y| < (|x|-|)/|z| or Q + < |y|, then + > ^ 
and |y| > 1/3. Therefore 

< C\z\-'^-'' < C\x\-'^-'^ 

and 

Bl3 < C\Z\-^-' [ ]d-a+l dy 

Now we estimate B2. If|x| — | < \y\ < + then we estimate directly. 
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First we have 



1 1 



< C\x\-'^- 



{\x\-ir {\^\ + lr 



Then, ior z = x - ts with t G [0, 1], we have |<l-|^<|f|<l + |^<| 
and 



dy 



{N-i<|y|<W+i} k + yl''-" 12/1''+" 



< \z\ 



Jh- 



dy 



< W [ ...+ [ 

j{l-4\<\y\<l+^^,\z+y\>\z\-''/d] J|i__^<|j,|<i+_^,|5+2/|<k|-«/''} 

+\z\-' r 

J\z- 



< Clzp"'/'^-'^ < C\x\-°''/'^- 



'\z+y\<\z\-°'/'' \z + y\ 

with z = Therefore, 

\B2\ < C[\x\-"'/'^-'^ + \x\-'^-'^]. 
The statement follows. ■ 

For a bounded measurable m{y),y G R*^, and a G (0,2), set for G 
5(R'^),a; G 



£^(0;) = Cau{x) = J V"u(x)m(y) 



dy 



|y|d+a' 



where 



V"n(x) = u{x + y) - u{x) - Xaiv) y) 

with Xaiy) = lae(l,2) + la=llly|<l- 

Lemma 10 Lei |m(y)| < K,y e R'^,p > 1, and a G (0,2). Assume 



Jr<\y\<R \yr+" 



dy 



= 
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for any 0<r<Rifa = l. Then there is a constant C such that 

\Cau\p < CK\d''u\p,u£ Lp(R'^). 
Proof. If a G (0, 1), then for u € 5(R'^) we have 

Cu(x) = lim£^u(x),x e R"*, 

and by Lemma there is a constant C independent on u such that 

\K-^Cu\p < Cld'^ulp 

or 

< CK\d''u\p,ue S(R'^). 
If a € (1, 2), then it fohows by Lemma[7]that for u € 5(R'^), 

dy 



CaU{x) 



[u{x + y)- u{x) - (Vu(x), y)] "^(y) 



/ 



{Vu{x + sy) — Vn(x), y) 

y 



m{y) 



Vu{x + y) — Vu{x), 



\y\ 



M{y) 



dsdy 
dy 

d+a-l 



\y\ 



with 



M{y) 



Jo 



Therefore, the estimate reduces to the case of q € (0, 1): there is a constant 
C independent of n G 5(R'^) such that 

\Cau\p < CKld^-^Vulp < C|a"n|p. 

If a = 1, then for u G 5(R'^), 



Ciu{x) 



dy 

u{x + y)- u{x) - (Vn(x), y)l|j^|<i]m(y)|-p:j- 
Imi j [u{x + y)- u(x)]me(y) 



with m^iy) = "i-(j/)le-i>|i,|>e, y G R-'^- By Lemma[71 for u G 5(R"'),x G R'^, 



\y\>^ 

dy 

[u{x + y)- u{x)]me{y)y^ 



/j(i/2)^2,^ y^d^^'^u{x — z)dzme{y) 



dy 



\y\ 



d+l 



— d^^'^u{x)]dzm£{y) 



dy 



\y\ 



d+l 
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and 



Ciu{x) = lim [u{x + y) — u{x)]me{y) 



dy 



lim 

£^0 



J J k^y^){z,y)mM^,[d^'Mx - z) - d^/^u{x)]dz. 



Obviously, 



1 



where z = zl\z\. Since for e G (0,1/2), we have |M£(z)| < CK and for 



lim Me (z) = M{z) 



y))m(|z|y) 



it follows that 

dy 



C^u{x) = J [u{x + y)- u{x) - {yu{x),y)l\y\<i]m{y) 
[d^/^u{x + z)- d^l'^u{x)]M{-z 



dz 



with |M(2:)| < CK, z € R*^ and the estimate follows from the case a = 1/2. 
■ 

Now wc investigate the continuity of the main part A with m depend- 
ing on the spacial variable. For a bounded measurable m{x,y),x,y € R'^, 
consider the operator Au{x) = Azu{x)\z=x,x G R'^, with u G 5(R'^) and 

AM^) = AM^) = Afu{x) = J V^u{x)m{z, y)j^,z, X G R". (19) 
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Lemma 11 Assume (5 G (0,1), p > d/(3. Let for each y G R'', m{-,y) € 

\m{z,y)\ + \d^m{z,y)\ < oo. 



if^(R°') and 



Then 

\Au\P, < C\d'^u\P I sup[\m{z,y)\P + \d'^m{z,y)\P]dz. 
J y 

Proof. By Sobolev embedding theorem, there is a constant C such that 



\AMxW < sup \AMxW <C J [lAM^W + \d^AMxW]d^ 

= C J [\ATu{x) \P + lA^J^'uix) \P]dz, X G 
and by Lemma [TO] 

\Au\P, < C J [lAM'^ + lA^J^'ulPjdz 

< C7|a"n|P / sup[\m{z,y)\P + \d^m{z,y)\P]dz. 



The following statement holds. 

Lemma 12 Let u € C^(R'^) have its support in a unit ball. Assume (5 € 
(0, l),_p > d/P, and 

\m{z,y)\ + <K,z,y(£ R"^. 

Then there is a constant C = C{a,p, I3,d) independent of u such that 

\Au\P < CKP\u\P^^p. 

Proof. Let the support of n is a subset of the ball centered at xq with 
radius 1. Then for x G R*^, 

= Ai{x) + A2{x), 

and 

\A2\P^<C\ut^^sup\m{z,y)\P. 

2,3/ 

16 



Let ip G C^(R'^),0 <ip< l,ip{x) = 1 if |x| < 1, and Lp{x) = if |x| > 2. 
Then 



and by Lemma [TT| 
\Ar\l<C\d'^u\l{jsM\^[^-^ 

For each y,z & R*^, 

5f f ( ^ ) m{z,y) 



x-xq\ dy 



Z-Xq 



m{z,y) 



]dz. 



\v\>l 



Z + V — Xo 



m{z + v,y) - (f 



Z - Xo 



z -Xo 



dv 



[m{z + v,y) -m{z,y)] 

\v\<l 1^1 ' 



+m{z,y) 



v\<l 



Z + V — Xq 



z - Xo 



m{z,y) 



dv 



dv 



+ 



\v\<l 



[m{z + v,y) -m{z,y)] 



"P 



Z + V — Xo 



"P 



Z -Xo 



= Go{z, y) + y) + G2(z, y) + G^{z, y). 
Obviously, 

suY>\Go{z,y)\Pdz <CKP j \ip{z)\Pdz. 



Since 



[m{z + v,y)- m{z, y)] 

ii,i<i pr+^ 



[m{z + v,y) -m{z,y)] 

v\>l hi 



we have 



Also, 



m{z,y) 

sup \Gi{z, y)\P dz <CKP [ \^{z)\Pdz 
y J 



dv 



\v\<l 

1 



Z + V — Xo 



z-xo 



dv 



\d+l3 



< c 



J\v\<l 



z + sv — Xo 



dv 



dv 



\d+l3 
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and 



Finally, 



/ snv\G2{z,y)fdz<CKP\V^\l. 
J y 



f sup\Gs{z,y)\Pdz < Csup\m{z,y)r |V^|^ 
J y y,z 

and the statement follows. ■ 

Corollary 13 Assume (5 G (0, > d/P, and 

\m{z,y)\ + \d^,m{z,y)\ <K,z,ye R'^. 

Then there is a constant C = C{a, (3,p, d) such that 

\Au\P < CKP\u\%. 

Proof. Let C £ (^^(R*^) be such that / \C,\Pdx = 1 and C has its support in 
the unit ball centered at the origin. Then for each x G R*^, 

\Au{x)f = j |C(a; - v)Au{x)\Pdv. 

Obviously, 

C(x - v)Au{x) (20) 
= A{u{-)a- - v)) - <x)Aax - v) 

dy 



+ j {u{x + y)- u{x)) {C,{x + y-v) -({x- v)) m{x, 



Vh 



Now 

/dfj 
[C{x + y-v)-C{x- v)] m{x, y)j^^ 

dy 

\C(x + y — v) — C(x — v)] mix, v)-r-rr, — 

\y\>l ^ ^ ''^ ^ 

K{x + y-v)-C{x- v)] m{x, y)j^^ 
= Ai{x,v) + A2{x,v). 

Obviously, 

IM. . .)l < Kl^^^^ K(. + . + K(a= - .)l ^1 
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and 

Therefore, 



Denoting 

dy 



D{x, j {u{x + y)- u{x)) (C(x + y-v)-C{x- v)) m{x, y)-^y^d+a ■ 
we have 

dy 



\D{x,v)\ < K [' [ 

JO J\t 



u{x + y)- u{x)\ |VC(x + sy- v)\-^^^^^^_-^ 



J\y\<l 

dy 



+K / {\u{x + y)\ + \u{x)\ (|C(x + y-v)\ + |C(x - v)\) ^^^^^^ 



and 



j j \D{x,v)\Pdxdv <CKP\u\l, ^ 
for some a' < a. Therefore, by Lemma [T2\ 



\Au\P < CK^[ I I (n(.)C(- - v)) \%dv + \u\l + |n|^, p). 
Since as in (1201) 



d'i (u(x)C(x - v)) 

d"u{x)C{x — v) + u{x)d°'({x — v) 

+ / + y) - u{x)) (C(x + y - v) - C{x - v)) 



we derive in a similar way, 

I iOCi- - v)) = J I (n(.)C(- - v)) \;dv + I \d^{um- - v)Wpdv 



The statement fohows. 
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3.2 Solution for m independent of spacial variable 

In this section, we consider the following partial case of equation ([5]): 

dtu{t,x) = A'^u{t,x) - Xu{t,x) + f{t,x), (21) 
u{0,x) = 0, 

where m{t, x, y) = m{t, y) does not depend on the spacial variable. 

We denote by Dp{E), p > I, the space of all measurable functions / on 
E such that / G r\K>oHp{E) and for every multiindex 7 G Nq 

sup \D].f(t,x)\ < 00. 

The set Dp{E) is a dense subset of Hp{E) (see [T2]). 

Lemma 14 (see Theorem I4 in Let p > 2, / E ^p{E) and Assump- 
tion A be satisfied. 

Then there is a unique strong solution u G Dp{E) of (|2ip . Moreover, 
u{t, x) is continuous in t, smooth in x and the following assertions hold: 

(i) for every multiindex 7 G Nq 

\D'-^u\p < Cp^\Dy\p. 

where px = T A j and the constant C = C{a,p,d,K,r]); 

(ii) the following estimate holds: 

\u\a,p ^ C'l/lp, 

where the constant C = C{a,p,d,T,K,r]). 

Passing to the limit we arrive at 

Proposition 15 Let p > 2, / G Lp{E) and Assumption A be satisfied. 

Then there is a unique strong solution u G Hp{E) of (j2ip . Moreover, 
there are constants Cq = Co{a,p,d,T, K,r]) and Cqo = Coo{a,p,d, K,r]) 
such that 

\u\a,p < Co\f\p 

and 

\u\p < CooPxlflp 

where px = T A j. 



20 



Proof. Existence. There is a sequence of input functions fn, n = 1,2, ... , 
such that /„ G Dp{E), and 

l/-/n|p^O (22) 

as n ^ oo. By Lemma [TU for every n there is a strong solution n„ € T)p{E) 
of (pTj) with the input function /„. Since (j2T]) is a hnear equation, using 
the estimate (ii) of Lemma [TH we derive that {un) is a Cauchy sequence in 
H^{E). Hence, there is a function u G H^i^E) such that \un — — ^ as 
n oo. 

Passing to the limit in the inequahties of Lemma O with u, f replaced 
by Un, fn (7 = 0), we get the corresponding estimates for u. 

Denoting (/, g) = J fgdx and passing to the hmit in the equahty (see 
definition (P) 

{un{t, ■),ip)= [ \{{A - X)un{s, •) + f{s, •), v)] ds, ^ G 5(R'^), 



as n ^ 00, we get that the function u is a weak solution of (|2ip . 
Since for each v G Hp{E) 

\Av\a,p < C\v\p, 

the solution is strong. 

Uniqueness. Let u G Hp{E) be a solution of ([2T]) with zero input function 
/. Hence, for every ip G 5(R'^) and t G [0, T] 

{u{t, ■),^)= f {u{s, •), V - \^)ds (23) 



Let = Qei^)^ ^ ^ ■'^'^1 ^ ^ (Oil)i be a standard mollifier. Inserting 
(p{-) = C,^{x — ■) into (f23|) . we get that the function 

Ve{t,x) = u{t,-) *C,^{x) 

belongs to Dp{E) and 

V£{t,x)= / [A- \)ve{s,x)ds. 
Jo 

By Lemma [T^ r;^ = in for all e G (0,1). Hence, u{t,-) = and the 
statement holds. ■ 
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4 Proofs of main Theorems 



We follow the proof of Theorem 1.6.4 in [9j. In order to use the method of 
continuity, we derive the a priori estimates first. 

Lemma 16 Assume A holds, f3 G (0,1), p > d/f3,p > 2. There are e = 
e{d, a, /3, K, w, T, r]), C = C{d, a, /3,p, K, w, T, rj) and Aq = \o{d, a, P,p, K, w, T, 
1 such that for any u € Dp{E) satisfying with B = and with support 
in a ball of radius e (u{t, x) = for all t if x does not belong to a ball of 
radius e), 



Proof. Let the support of u be a subset of the ball centered at xq with 
radius e > 0. Then 



dtU = At^xoU{t,x) + At,a:U{t,x) - At,,j:gU{t,x) - Xu + f, 

u{0) = 0. 

Let if G C^(R°'),0 < (f < l,^{x) = 1 if < 1, and ip{x) = if \x\ > 2. 



u\a,p ^ C'l/lp, 

c 

\u\p < ^\f\p if \> Aq. 



Denote 



mo{t,x,y) 



A 




By Corollary la 

where C = C{a, /3,p,d) and is the constant bounding 



(24) 
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Obviously, \mo{t, z,y)ip{^^)\ < w{2e),z,y eR'^,te [0,T], and 



\d^ ( mo{t,z,y)ip{ 



z - Xq. 

2e ' 



< 



v\>e 



moit,z + v,y)(p{ 



z + v - Xq, 
2e ' 



z -xq 
2e 

+ \mQ{t,z,y)\ 



mo{t,z,y)ip{ 
dv 



Z -Xq, 



2e 



dv 



[m{t,z + v,y) -m{t,z,y)]- , „ 



Z + V — Xq ^ 



+1 



\v\<e 



v\<e 
Z + V - Xq, 

2e ' 



2e 



Z-Xq ^ 

2e ' 



dv 



Z — Xq, 

2e ■ 



\'m{t,z + v,y) -m{t,z,y)\ 



dv 



< C[w{2e)e-'^ + [ w{ 

J\v\<e 



dv 



|-y|d+/3J- 



Therefore 



Ke < C[w{2e)e-^ + [ 

J\v 

and ^ as e — )• 0. Obviously, 



dv 



w[ \v\ 



\v\<e 



dy 



J\y\>e y 

< Ce'''[\u\p + la>i\Vu\p]. 

So, by Proposition [T5] and there are constants Ci = Ci{a,p,d,T, K,r]) 
and Cii = Cii{a,p,d, K) such that 

\u\a,p < Ci [\f\p + K^\u\o,,p + e'^d-ulp + la>i|Vn[p)] 
with — )• as e ^ and 

\u\p < Ciipxilflp + Ks\u\a,p + + la>l\Vu\p)], 

where px = j AT. We choose e so that Ci-fC^ < 1/2, Ki. < 1. In this case, 

\u\a,p < 2Ci [|/|p + e-"(|n|p + l«>i|Vu|p)] , 
\u\p < Cu{l + 2Ci)px[\f\p + e-''{\u\p + l^^i\Vu\p)]. 

By interpolation inequality, for q > 1 and each k G (0, 1) there is a 
constant C = C{a,p,d) such that 

1 

\Vu\p < K\u\a,p + Ck «-i |u|p. 
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Therefore choosine; k so that 2Cie~°K < i (if a > 1), one can see that there 
is Ci = Ci{a, (3,p, d, T, K, w, r]) such that 

\u\a,p < Cl[\f\p+\u\p], 

\u\p < C'i/?a[|/Ip+ l^^lp]- 

The statement fohows by choosing A so that CiA^"*^ < ^ (/Xq = {2Ci)^^). m 
Now we extend the estimates. 

Lemma 17 Assume A holds and p > > 2. There is a constant C = 
C{d,a, f3,p, K,w,T,r]) and a number Ai = Xi{a, (3,d, K,w,r],T) > 1 such 
that for any u G ^p{E) satisfying ^ with B = and A > Ai, 

c 

\u\p < -^\f\p if ^> Ai- 

Proof. As in [9j, Theorem 1.6.4, take C G C^(R'^) such that / \C\Pdx = 1 
and whose support is in a ball of radius e from Lemma [16] centered at 0. 
Then 

\d'^u{t,x)\'P = [ \d'^u{t,x)C{x-v)\Pdv (25) 



and 

d'^u{t,x)C{x-v) (26) 
= a" {u{t, x)C{x - v)) - u{t, x)d^C{x - v) 

dy 



+ J [u{t, x + y)- u{t, x)] [C{x + y-v)-C{x- v)] ^^^^^^ . 
Since 

dt {u{t,x)C{x - v)) 
= C{x — v)Au{t, x) — AC(x — v)u{t, x) + C(x — v)f{t, x) 
= A {({x — v)u{t, x)) — AC(x — v)u{t, x) + Cix — v)f{t, x) 

—u{t, x)^C(x — v) 

/dy 
[u{t, x + y)- u{t, x)] [C(x + y-v)-C,{x- v)] m{t, x, y) 

it follows by Lemma [16] that there is C = C{d,a, (3,p,K,w,T,r]) and Aq = 
Xo{d,a, I3,p, K,w,T,r]) such that 

uC{--v)\P^pdv < C[\f\P+\u\P+\u\l,J, 
j\ua--v)\ldv < ^[|/|^ + H^ + KgifA>Ao, 
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for some a' < a. According to ([26|) and (j25]) . 



< C[\f\l + \u\l + \u\l,J, (27) 



< ip[l/l^ + K + kl^gifA>Ao. 



By interpolation inequality, for each k > there is a constant iTi = a', a, 

such that 

Therefore, choosing k so that < 1/2, we get by ()27p that there is a 
constant Ci = Ci{d,a, f3,p, K^WjT,!]) such that 

< (28) 

We finish the proof by choosing A so that ^ < ^ or A > (2Ci)^/p = Ai. 
Thus by ([25]), 

K<^l/l^,l<,p<Ci(i + ^)l/l^. 

The statement follows. ■ 

Corollary 18 Assume A holds, p > > 2 and u G 3}p(-E) satisfies (Ej) 
with B = 0. Then there is C = C{d,a, I3,p, K,w,T,r]) such that 

W\a,p ^ C'l/lp. 

Proof. For A > Ai (Ai is from Lemma[T7|). the estimate is proved in Lemma 
IZl If « G H^{E) solves §1 with A < Ai, then u{t,x) = e'-^^-^'^^u{t, x) solves 
the same equation with A = Ai and / replaced by e^'^^^'^^*/. Hence 

I7/I < Ull < f I 

with C = C{d,a, l3,p,K,w,T,r]) from Lemma [T71 So, the estimate holds 
for all A > 0. ■ 
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4.1 Proof of Theorem [3] 

We use the a priori estimate and the continuation by parameter argument. 
Let 

MrU = tLu + (1 - t) r € [0, 1] . 

We introduce the space T-L^ (E) of functions u G Hp{E) such that for each, 
u {t, x) = Jq F {s, x) (is,where F S Hp (E) . It is a Banach space with respect 
to the norm 

Consider the mappings Tr : Tip (E) — )• Lp{E) defined by 



/ F (s, x) I — >F - MrU. 
Jo 



u {t, x) 

Obviously, for some constant C not depending on r, 

|7t'u|p < C| \u\ \a,p- 

On the other hand, there is a constant C not depending on r such that for 
ah uGH^ (E) 

\\u\\a,p<C\TrU\p. (29) 

Indeed, 

u{t,x)= [ F{s,x) ds = [ {MrU+ {F - Mru)){s,x)ds, 
Jo Jo 

and, according to Corollary \T8\ there is a constant C not depending on r 
such that 

\u\^^p < C \TrU\p = C\F- MrU\p ■ (30) 

Thus, 



\u\ 



a,p 



= Ha,p + l-^lp ^ Ma,p - MrU\p + \MrU\p 

< C (\ul^p +\F- MrU\p) <C\F- MrU\p = C \TrU\p , 



and (j29p follows. Since Tq is an onto map, by Theorem 5.2 in ^ all the Tj- 
are onto maps and Theorem [3] follows. 
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4.2 Proof of Theorem [5] 

Assume A holds and p>^v|,p>2 and u G Tlp{E) satisfies ([8]) with 
B = B^o. By Theorem H 

\dtu\p + \u\a,p ^ N[\f\p+\B'''u\p], 
N 

Hp < y[l/lp+lS^«nIp] if A> Ai, 
where Ai = \i{T,a, /3,d, K,w,r]) > 1. According to Lemma|U 



\dtu\p + \u\a,p ^ 2N\f\p, (31) 
2N. 

T 



kip < -pl/lp if A > Ai. 



Uu G Dp(£;) satisfies (HD with S = A < Ai, thenn(t,3;) = e'^^^-^^^u{t,: 
satisfies the same equation with Ai with / replaced by e^^^~^^^f. By ([5T|) . 

\u\a,p < \u\a,p < 2Ne^^'-^^^\f\p. (32) 

The statement follows by the a priori estimates ()3ip - ()32p and the con- 
tinuation by parameter argument, repeating the proof of Theorem [3] for the 
operators 

Mr = A + tB^'^O < T < 1. 

4.3 Proof of Theorem [6] 

Again we derive the a priori estimates first and use the continuation by 
parameter argument. There is Eq G (0, 1) such that 

[ \y\''TT{t,x,dy) <5o,it,x) eE, 

where is a number in Theorem [5l Let u € Dp{E) satisfy ([8]). Let 

Lv{t, x) = Av{t, x) + B^^vi^t, x), 

{t, x) G E, where B^^v is defined in (jlOp . Applying Theorem[5]to L, we have 

\dtu\p + \u\a,p ^ N2[\f\p\ + \{L - L)u\p], 
No 

\u\p < -j-[\f\p + {L-L)u\p] if X>X2. 
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There is a' < a such that p > d/a' and by Sobolev embedding theorem 
there is a constant C such that 

\{L - L)u\p < C\u\a',p(^j j 'K{t,x,{\y\> £Q}Ydxdt^ 

By interpolation inequahty, for each k > there is a constant N = N{k, K2,a, a' ,p, d) 
such that 

\{L — L)u\p < K\u\a,p + N\u\p, 

where K2 is a constant bounding J 7r(t, x, {\y\ > eo})^dxdt. Choose k so 
that 2Nk < 1/2. Then 



\dtu\p + \u\a,p ^ 4iV[|/|p| + iV|n|p], 

Hp < — [i/ip + ivi^xy if A > Ai. 

Choosing A > A2 = 8NN, we derive 

\dtu\p + \u\a,p ^ 8N\f\p\. 
Muhiplying u by e^^^'^^)*^ -^^g obtain the a priori estimate for ah A > 

as in the proof of Corohary [18] above. 

The statement follows by the a priori estimates and the continuation by 
parameter argument, repeating the proof of Theorem [3] for the operators 

MrV = Lv + t{L - L)v, < T < 1. 



5 Embedding of the solution space 

Following the main steps of Section 7 in [8j, we will show that for a suffi- 
ciently large p, the Holder norm of the solution is finite. Since the solution 
of ([8]) u G 'Hp{E), we will derive an embedding theorem for T-Lp{E). 

Remark 19 If u £ UpiE), then u G H^{E) and 

u{t) = [ F{s)ds,0 <t<T, 
Jo 
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with F G Lp{E). It is the Hp-solution to the equation 

u(0) = 0, 



(33) 



where f = F — d'^u G Lp[E) with \f\p < \F\p + \d"u\p < \ \u\ \a^p. In addition 
(e.g., see 1121), 



u{t, x) 



[ Gt-s{x-y)f{s,y)dyds,0<t<T,xeK'^ 
Jo 



where 



Gt = T- 



,t > 0, 



(34) 



(35) 



(here is the inverse Fourier transform). The function Gt is the prob- 
ability density function of a spherically symmetric a-stable process whose 
generator is the fractional laplacian : 



Gtdx = l,t > 0. 



(36) 



Remark 20 Note that for any multiindex 7 € Nq there is a constant G 
C(q, 7, d) such that 



l<fc<|7| 

Lemma 21 Let K{x) = Gi(x),x G R''. Then 

(i) K is smooth and for all multiindices 7 € Nq, k € (0, 2), 



(37) 



(a) for t > o,x e m' 



Gt{x) =t-'^/'^K{x/t^/'^) 



and for any multiindex 7 S Nq and k G (0,2), there is a constant G such 
that 

\d^D^Gt * v\p < C7t-(lTl+'=)/"|7;|p, t>0,ve Lp(R'^). 
(Hi) Let K S (0, 1). There is a constant G such that for v € S(R'^),t > 0, 



\Gt*v-v\p<Gt''\d''''v\ 
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Proof, (i) For any multiinidex 7 S Ng, 

sup\D^K{x)\< [ I (i0^e-l^l"|(iC < 00. 

X J 

Let if e C^(R'^),0 < < l,99(x) = 1 if \x\ < = if \x\ > 2. Then 

K{x) = Ki{x) + K2{x) with 

= (e-l«IX0) , = y^-' ([1 - 

Since tp = T^^^p G 5(R'^), we have i^i(x) = K * ip{x). Therefore, by (|36|) . 
for any multiindex 7 G Nq, k G (0, 2), 

sup|5''Z)Ti^i(x)l < sup\d^D"'iP{x)\ <oo, 

X X 

By Parseval's equahty and P7|) . for any multiindices 7,/i, € (0,2), 

J \d^D^K2{x)\^dx = y"i(ie)^ier [1-95(6] e"i^'"p(ie < 00, 

y |(ix)^a'^Z)^i^2(3;)pdx = y ((iO^lere'l^l") p [1 - ^(e)] < 00. 
Therefore, by Cauchy-Schwartz inequahty with di = [j] + 1, 

J \d''D^K2{x)\dx < |y"(l + |rE|2)2rfi|L)^K2(2;)|2dx 



1/2 

X 



1/2 



(ii) Changing the variable of integration in ()35p we get Gt{x) = t '^/"'K{x/t^^°'),x € 
R"^,* > 0. For any v € <S(R'^),7 G N;5,k G (0,2), 

d''D^Gt*v{x) = j d''D^Gt{x-y)v{y)dy 

^ ^-d/a-{\^\+K)/» j Q^DiK{{x - y) /t^''^)v{y)dy 
^ ^-d/a-{H+K)/a j Q^D^K{y/t^l'')v{x - y)dy 
and the statement follows. 
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(iii) Since for v G 5(R'^) 

Gt*v-v = [ d°'Gs*vds,0 <t, 
Jo 



it follows by part (ii), 



\Gt*v-v\p < 



Jo Jo 

< I s''''^ds\d'^''v\p<Ct''\d'"'v\p. 
Jo 



We will need the following embedding estimate as well. 

Lemma 22 (see Lemma 7.4 in f^) Let fj. G (0,1), /up > l,p >1,k£ (0,1]. 
Let h{t) be a continuous H'^'^^R,'^) -valued function. Then there is a constant 
C = C{d, n) such that for s < t, 

|a"(^-'')[/i(t)-/i(s)]|P < C(t-s)^P-iy ;TT^ y \d''^^''''^[hiv+r)-hivWpdv. 
Proposition 23 Assume p > 2, f G Dp{E), and 



u{t) 



[ Gs* f{s)ds,0 <t <T. 
Jo 



Let 1 — I > K > ^ (note | < 1 — k < Then there is a constant C 
such that for all < s < t < T, 

\d-('--)[u{t) - u{sWp < c{t - sr-\\frp + \d-urp]. 

Proof. We apply Lemma [22] to u{t) = J^Gts * f{s)ds,0 < t < T. Since 
Gt+s = Gt * Gs, it follows for v,r > 0, 

u{v + r) - u{v) = / Gv+r-T * f{T)dT - / G-o-T * f{r)dT 
Jo Jo 

= / Gy+r-T * f{r)dT 

J V 

+ / Gy+r-T * f{r)dT - / Gy-r * fir)dT 
Jo Jo 

= / Gr-T * fiv + T)dT + Gr * u{v) — u{v). 

Jo 
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By Holder inequality and Lemma [2T] for r > 0, 

r Gr-r*f{v + T)dT\P 

Jo 

= I r v''v-''d''''^-''^Gr*f{v + r-T)dT\P 
Jo 

/ rr \p/q rr 

< U y-'^^dvj J v''P\d''^^-^^Gr* fiv + r-T)\PdT 

< ^{i-k)p-i r ^(2«-i)p|y.^^ + r - r) l^dr 

JO 

< ^(l-«)p-l^(2«-l)p /■ + 

JO 

= r'^P-^ r \f{v + r-T)\PdT. 
Jo 

By Lemma [211 for r, f > 0, 

la^^i-'^^iG, * u{v) - u{v)]\P, < CrP^\d''u{v)\P. 
Therefore for a fixed /i G (0, 1/2), 

I \d<^-^Mv + r)-u{v)]\Pdv. 

+ X ;:TT^/ r-P\d'^u{v)\Pdv] 

< ClI/lf+lflOalJKf-s)!"-"'', 
and by Lemma [221 applied for ^ e (0, 1/2), 

|a"(i-'^)[t.(t) - n(.)]|^ < C{t - sr-\\f\P + \d^u\P]. 
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Corollary 24 Let u G Up^p > 2,p > 2d/a,f3 = | - |. Then there is 
Holder continuous modification of u on E and a constant C independent of 
u such that 

I / M \u{s,x) — u{s,x')\ 

sup |U(S, Xjl + sup j <(-^\\u\\a,p- 

Proof. By Proposition [23] with k = 1/2 and Remark [T9l u is Holder con- 
tinuous and 

sup |u(s, ■)\a/2,p < C\\u\\a,p. 
0<s<T 

By Sobolev embedding theorem, there is a constant C such that 

1 / \i Wis, x) - u(s, x')\ 

sup \U{S,X)\+ sup j 

0<s<T s,x^x' \X-X'\P 

< sup \u{s, ■)\a/2,p < C\\u\\a,p- 
0<s<T 



6 Martingale problem 

In this section, we consider the martingale problem associated with the 
operator 

L = A + B. 

Let D = Z)([0, T], R'^) be the Skorokhod space of cadlag R'^-valued tra- 
jectories and let Xf = Xi,(w) = wt,w € D, be the canonical process on 
it. 

Let 

Vt = a{Xs, s<t),V = \/tVt,0 = {Vt+) , t G [0, T]. 

We say that a probability measure P on [D, V) is a solution to the (s, x, L)- 
martingale problem (see [16], [TT]) if P(X,. = 3;,0<r<s) = l and for all 
V G C^(R'^) the process 

Mt{v) = v{Xt) - Lv{r, Xr)]dr (38) 

is a (D, P)-martingale. We denote S{s,x,L) the set of all solutions to the 
problem (s, x, L)-martingale problem. 

A modification of Theorem 5 in [11] is the following statement. 
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Proposition 25 Let Assumptions A and B(i)-(ii) hold. Then for each 
(s, x) (z E there is a unique solution 'Ps,x to the martingale problem (s, x, L), 
and the process {Xt,0, {Ps,x)) is strong Markov. 
If, in addition, 



(39) 



lim / sup7r(t, X, > = 0, 

1-^°° Jo X 

then the function Ps,x is weakly continuous in {s,x). 

6.1 Auxiliary results 

We will need the following Lp-estimate. 

Lemma 26 (cf. Lemma 3.6 in \1 1^ ) Let Assumptions A and B(i)-(ii) hold. 
Letp> ^y^\/2, {so,xo) £ E,F e S{so,xo,L). 

Then there is a constant C = C{R,T, K,r], /3,w,p) such that for any 



r f{r,Xr)dr<C\f\p. 

J so 



Proof. Let C € C^(R'^),C > 0,C{x) = Cd^^l), C(a;) = if |x| > 1, and 
/ C^dx = 1. For 5 > denote Cs{x) = e-'^/PC{x/6),x G R'^. Let 



us{t,x) = J u{t,x - y)C^g{y)dy 

= J uit,y)egix-y)dy,it,x) eE. 

Let 

Lv = Av + B^^v, 

where i?^" is defined by (jlOp with eq so that the assumptions of Theorem [5] 
hold. Then 

Lv = Lv + Rv 

with 

Rv{t,x) = / [v{x + y) — v{x)]7r{t,x,dy). 
J\y\>i^o 

Define 

L^v = Av + B^O'^v, 
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where 



(here we assume ^ = 0). Since for the assumptions of Theorem [5] hold 
uniformly in 6, there is u = G 'Hp{E) solving 

dtu{t,x) + L^u{t,x) = f{t,x),{t,x)£E, 
u{T,x) = 0,xGR'^. 

Moreover, there is a constant C independent of 6 such that 



\u'\\a,p<C\f\, 



(40) 



In addition, by Corollary [21] and (|4Up . there is a constant independent of 5 
such that 

snp\u\s,x)\<C\f\p. (41) 

s,x 

Applying Ito formula to u^^{t,x) = J (^{x — z)u^ {t, z)dz = J (^{z)u^{t,x — 
z)dz, we have 



[dtu'ir, z) + {A + B'°^^)u^{r, z)]Ksit, z)dz 



so 



+P / Rul{r,Xr)dr+ j R2{r)dr (42) 

J so J so 

f-T f-T rT 

/ Pfs{r,Xr)dr + P / Rul{r,Xr)dr+ / R2{r)dr, 

J sn J so J so 



where Ks{t^z) = P('^{Xt — z) and 



R2{r) = j nC&{Xr - z)Ar,XrU^{r, z) - CsiXr - z)Ar,,u^{r, z)]dz 



dy 

Vyu\r, z)[m{r,Xr,y) - m{r, z,y)]j-^Cj's{Xr - z)dz, 



\y\' 



Sq <r <T. By Holder inequality, for any r G [so,T], 
\R2{rW<F I I V'^u^{r,z)[m{r,Xr,y)-m{r,z,y)]Cs{Xr-z) 



dy 



dz. 



We will show that 



/ \R2ir)\Pdr ^0 as 5 ^0. 

J so 



(43) 
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According to Lemma [TT\ 

|i?2(r)|P < C7|aV(r)lPp / su'p[\M{r,z,y)\P + \d^M{r,z,y)\P]dz, 



where 

M{r, z, y) = [m{r, Xr,y) - m{r, z, y)]Cs{Xr - z). 

Obviously, 

\m{r,Xr,y) - m{r,z,y)\ (si^r - z) < w{5)Cs{Xr - z) 

and 

j snv[\M{r,z,y)\Pdz < j w{5YC'^{Xr - z)dz = w{5Y . 

Denoting mo(r, z, y) = m(r, Xr,y) — m{r, z, y), we have 
Id" {mo{r,z,y)Cs{z-Xr))\ 
< / \mQ{t,z + v,y)Qi[z + v-Xr)-mQ{t,z,y)Qs{z-Xr)\ , 

J\v\>6 I'^l 

+C,&{z-Xr) I \m{r,z + v,y) -m{r,z,y)\ , „ 

J\v\<s l^r^'^ 

f du 
+ \mo{t,z,y)\ ^^JCsiz + V - Xr) - Csiz - Xr)\ j:^^ 

dv 



+ / \Cs{z + V - Xr) - Cs{z - Xr)\\m{r,z + v,y) - m{r,z,y)\ 
J\v\<5 

= {Hi +H2 + H3 + Hi){r, z, y), (r, z, y) G [0, T] x R-^ x R"^. 
Obviously, 

dv 



sup H2{r, z,yYdz < { w{hj j . 

y J\v\<5 \vr^^ 

It follows, by Holder inequality, 

[ sup Hi{r,z,yfdz < Cw{5y5-P^, 
J y 

f sup H,{r,z,yrdz < C{ [ w{v)y^r. 
J y J\v\<5 

Changing the variable of integration, 
Hs{r,z,y) < w{26) \Cs{z + v - Xr) - Csi^ - Xr ' 

J\v\<S 



\v\<l 
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Z - Xr , Z - Xr 
C( -r + V)- C( ^ 



dv 



and 



sup Hs{r,z,y)Pdz 



y 



< w{25Y5-^^ I ( / Uz + v)- C(z)| r^Ydz 




v\<l 1^1 



Therefore by (00]), (gSD follows. Since 

f Pfsir,Xr)dr = -(4iso,xo)+F [ Rujir, Xr)dr + [ i?2(r)dr) 

J So \ J So J So J 

(see (jl2|) ). the statement follows by (j^Tj) and ([I3]) passing to the limit as 
(5^0. ■ 

Corollary 27 Let Assumptions A and B hold, {sq,xq) G E. Then the set 
S{so,xq, L) consists of at most one probability measure. 

Proof. Let / G C^{E),p > | V ^ V 2. By TheoremEJ there is ti G n^{E) 
solving 

dtu{t,x) + Lu{t,x) = f{t,x),{t,x)&E, 
u{T,x) = 0,xGR'^. 

Let If G C^(R'^),ip > 0,/ v^dx = l,(p^{x) = s~'^(p{x/e),x e R'^, and 

Ue{t, = j u{t, X - y)Lp^{y)dy, {t, x) G R'^. 
Applying Ito formula, we have 

-Ue{so,Xo) = P / [dtUe{r,Xr) + Lue{r, Xr)]dr. 

J so 

Using Lemma [26] and Corollary [241 to pass yo the limit we derive that 



-u{so,xo) = P 



r f{r,Xr)dr 

J so 



and the uniqueness follows by Lemma 2.4 in pjj. ■ 

Now we can construct a "local" solution of the martingale problem. 
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Lemma 28 Let Assumptions A, B(i)-(ii) hold, n^t, x, dv) = X{\x\<R}''^{^-> ^'^)) i^i ^) ^ 
-E, for some R > 0. 

Then for each (s, x) ^ E there is a unique solution Y*s^x G S{s, x, L) and 
Fs,x is weakly continuous in {s,x). 

Proof. Let ip G C^{'R'^),ip > 0,/ ipdx = l,(p^{x) = e-'^cp{x/e),x G R'', 
and 

Tri;{t, X, dv) = J TT{t,x — z,dv)(p^{z)dz,{t,x) E. 

Let Sn ^ and let be an operator defined as L with n replaced by vrg,^ . 
It follows by Theorem IX. 2. 31 in |6j that the set S{s, x, L") ^ 0. Since by 
LemmaEH for P^,. G 5(s,x,L"), 

r 7r,Jr,Xr,{\v\>l})dr 

J s 

< C j j ■7r{r, X, {\v\ > l})dxdr — )• as / — > oo, 

the sequence {P"a;} is tight (see Theorem VI. 4. 18 in [6J). Obviously, for 
each V G Cq°(R'^), L^v{t,x) — )• Lv{t,x) dtdx-a.e. Therefore, by Lemma 3.7 
in [IT] the set S{s,x,L) ^ 0. By Lemma [26l the solution Ps,x G S{s,x,L) 
is unique. Applying Lemma 3.7 in [TT] again, we see that Ps^^. is continuous 
in (s, x). ■ 

Corollary 29 Let Assumptions A, B(i)-(ii) hold. Then for each {s,x) G E, 
there is at most one solution Fs,x £ S{s,x,L). 

Proof. The statement is immediate consequence of Lemma[28]and Theorem 
1.6(b) in [llj. ■ 

6.2 Proof of Proposition [251 

The uniqueness follows by Corollary [29l In the first part of the proof we 
assume that (I39p holds and use weak convergence arguments. In the second 
part, we cover the general case by putting together measurable families of 
probability measures. 

(i) Assume (j39p holds. Let be an operator defined as L with vr 
replaced by X{|x|<n}^- According to Lemma [28l for each {s,x) G E there 
is a unique and P"^ G S{s,x,L^) and P"^ is weakly continuous in (s,x). 
By Theorem VI.4.18 in §\, {P"^} is tight . Since L"'v — ?• Lv dxdt-a.e. and 
L"'v is uniformly bounded for any v G C^(R'^), by Lemma 3.7 in [Hj, the 
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sequence P"^, Ps,x £ S{s,x,L) weakly {Ps,x is unique by Corollary [29]) . 
The same Lemma 3.7, [llj, implies that P^^^ is weakly continuous in (s,x). 

(ii) In the general case (without assuming (p9|) ). we split the opera- 
tor Lu = Lu + Bu, where L is defined as L with TT{t,x,dv) replaced by 
X{\v\<i}'^{t,x,dv), and 

Btxu{x)= / [u{x + v) - u{x)]'K{t,x,dv),{t,x) e E,u e C^{Yi'^). 

J\v\>l 

Let P2) be a probability space with a Poisson point measure p{dt, dz) 

on [0, 00) X (R\{0}) with 

dzdt 



Bp{dt, dz) 



UP ■ 



According to Lemma 14.50 in [5], there is a measurable R'^n{[f| > l}-valued 
function c{t, x, z) such that for any Borel F 

J^X{\v\>i}'^it,x,dv) = J xr(c(t,a;,z))^, G E. 

Consider the probability space 

{n, P',_^) = {^2 y<D,T2® V, P2 Ps,x) . 

Let 

Ht = / c{r,Xr-^z)p{dr,dz),s <t <T, 

JsAt J 

T = inf (t > s : AHt = Ht - Ht- 7^ 0) A T, 

Kt = X{r<t}' 

Yt = Xt;,r + HtAr,0<t<T. 

Note that r = inf(t > s : AHt ^ 0) A T = t = mi{t > s : \AHt\ > 
1) A T. Let D = D{[0,T],'R'^ x [0,oo)) be the Skorokhod space of cadlag 
R'^ X [0, 00) -valued trajectories and let Zt = Zt{w) = {yt{w),kt{w)) = wt ^ 
X [0,oo),t(; E Z) be the canonical process on it. Let 

Vt = a{Zs, s<t),V = VtVt, D = (Vt+^ ,t e [0,T]. 

Denote P] ^ the measure on D induced by {Yt, Kt),0 < t <T. Let 

ri = inf (t > s : AA;t > 1) A T, . . . , 
Tn+i = inf (t > r„ : A/cj > 1) AT, 
= <j{ZtAr^,0<t<T),n>l. 
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Then [Plxj ^ measurable family of measures on ^Z),I)j and for each 

MtATr. [v] = vivtArJ - / Lv{r, yr)dr, s<t<T, (44) 



s 



is J .J., Bj -martingale with n = 1. Let us introduce the mappings 

, ( wt at < Ti(w), 

J {w,w )t = < , .„ , . ) i 

y w)- iit> Ti(w), 

and let 

Then P2^. = Jri(<3), the image of Q under is a measurable family of 
measures on D, and by Lemma 2.3 in [11], MtAT2 is ^Pg 3,, -martingale and 
^'s,x\f)r ~ ^s,x\f)T ■ Continuing and using Lemma 2.3 in [llj, we construct 
a sequence of measures P" 3, such that 

pn+l I _ pn I 

and MtAT„ is ^Pg .^, B^ -martingale. Since 

Ps,.. {rn <T) = Pi, (/cTAr„ > u) < / 7r(r,y,,, {\v\ > l})dr 

J s 

< n^^KT ^ as n ^ 00, 
there is a measurable family ^P^^^:^ on D such that 

^ S,X\X) — ^ S,x\T>.r 

and MtATn is (^Ps,^, B^ -martingale for every n. Obviously, y. under 'Ps,x 
gives a measurable family P^^^^ G S{s,x,L). The strong Markov property 
is a consequence of Lemma 2.2 in The statement of Proposition [25] 

follows. 
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